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Abstract
The extremal Kerr black hole with the angular momentum J is conjectured to
be dual to CFT with central charges cL = cR = 12J . However, the central charge
in the right sector remains to be explicitly derived so far. In order to investigate
this issue, we introduce new near horizon limits of (near) extremal Kerr and five-
dimensional Myers-Perry black holes. We obtain Virasoro algebras as asymptotic
symmetries and calculate the central charges associated with them. One of them
is equivalent to that of the previous studies, and the other is non-zero, but still the
order of near extremal parameter. Redefining the algebras to take the standard
form, we obtain a finite value as expected by the Kerr/CFT correspondence.
†ymatsuo@hri.res.in
‡nishioka@princeton.edu
1 Introduction and overview
The origin of the black hole entropy has been of great interest in the past few decades
and remains to be fully understood. In string theory, some of black holes and branes
can be described in terms of the microscopic degrees of freedom, and the entropy is
reproduced by counting their microstates. In the case of anti-de Sitter (AdS) spacetime,
these microstates are described by the conformal field theory (CFT). In this case, a lot of
information can be obtained by using symmetries. In the case of AdS3, the Bekenstein-
Hawking entropy of the BTZ black hole was accounted without specifying details of CFT.
The asymptotic symmetry of the geometry is identified with the conformal symmetry
of the dual field theory and the entropy is calculated by using the Cardy formula [1,2].
Recently, it was conjectured that the extremal Kerr black hole in four dimensions
corresponds to a two-dimensional CFT [3]. They investigated its near horizon geometry
which has the SL(2,R) × U(1) isometry [4]. The U(1) symmetry is enhanced to an
asymptotic symmetry and identified with the Virasoro algebra for the chiral half of
CFT. The Bekenstein-Hawking entropy is reproduced by using the Cardy formula in
the extremal case. This is called as the Kerr/CFT correspondence and this Virasoro
algebra is regarded as that of left mover. This analysis is generalized to many cases [5]1
and it is known that another Virasoro algebra can be obtained from extending the
SL(2,R) part of the isometry [8, 9]. This symmetry is considered as that of right
mover which describes the non-extremal excitation from the extremality. Therefore, the
extremal Kerr black hole with an angular momentum J is expected to be dual to a
non-chiral CFT with cL = cR = 12J . The recent discussion about the hidden conformal
symmetry of the non-extremal Kerr black hole also provides another evidence for this
correspondence [10].
However, the asymptotic Virasoro algebras can be found only in the near horizon
limit of (near) extremal black holes. Moreover, the central charge for right mover is zero
when it is evaluated by the conventional method. Therefore, a cut-off was introduced
into the spacetime to take the near-extremal correction into account, and it turned out
to be not finite but infinitesimally small [8]. Although an indirect argument is presented
in [9], it is fair to say that the central charge cR = 12J has not been explicitly derived
so far.
In this paper, we investigate this issue in more detail. First, we study the five-
dimensional extremal Myers-Perry black hole whose near horizon geometry includes
1See also [6, 7] for related works.
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AdS3 if it has only a single spin [4]
2. In this case, we can find dual two-dimensional
CFT with central charges cL = cR similar to the one given by Brown and Henneaux [1].
The CFT lives on light-cone coordinates which consist of the time and angular directions.
On the other hand, we know the Kerr/CFT description where dual CFT is defined on the
time and angular directions with central charges cL 6= cR. The coordinates in Kerr/CFT
description are almost equivalent to the light-cone coordinates near the horizon up to a
scaling factor. This scaling factor makes central charges different from each other.
To resolve this discrepancy, we reconsider the definitions of the algebras, central
charges and temperatures. Usually, the Frolov-Thorne temperature is changed under
the rescaling of the coordinates, while the central charges are fixed because it represents
a number of degrees of freedom. If we use these definitions of the central charges
and temperatures, the Cardy formula gives scale dependent quantity. However, the
entropy should be independent of the scale since it counts a number of states. Therefore
we need to introduce “covariant” definition of the central charge to make the Cardy
formula invariant under the scaling. The covariant central charge c(cov) is related to the
scale-invariant central charge c as c(cov) = βc, where β is the period of the coordinate.
Then, the covariant central charge depends on the scaling factor via the period β. In
the Kerr/CFT correspondence, the Virasoro algebra for right mover has been studied by
using the quasi-local charges [13,14]. In these studies generators are defined in the scale
covariant form, and the central charge depends on the definition of the time coordinates
in the near horizon geometry. In the near horizon limit, these covariant central charge
for left and right movers are not generally equal to each other, c
(cov)
L 6= c(cov)R . In this
paper, we show that the central charges satisfy the relation cL = cR even in Kerr/CFT,
if we use the scale-invariant definition of c.
We also consider general five-dimensional Myers-Perry black hole with two rotations,
where the near horizon geometry is AdS2, not AdS3. Thus there is no natural light-
cone coordinates, but we introduce new coordinates which agree with the light-cone
coordinates in the single rotation limit. The resulting near horizon geometry is the
same as the usual one once replacing the time and angular directions with the light-
cone directions. We evaluate the central charge for our new near horizon geometry on the
timeslice with respect to the original time. By using this coordinates, we can evaluate
the central charge associated with the Virasoro algebra for the right mover using the
conventional covariant phase space method [15,16] and obtain the scale-invariant central
charges satisfying cL = cR. We apply this analysis to the (four-dimensional) Kerr black
2The structure of AdS3 sometimes appears in certain limits of extremal rotating black holes. It has
been recently studied to investigate the Kerr/CFT correspondence in [11, 12].
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hole and obtain the expected value of cL = cR = 12J .
It is worth noting that the combinations of coordinates in our new near horizon
limits are the same as those in the analyses of the hidden conformal symmetry [10].
In these studies our covariant central charges are the equivalent to the invariant one.
Then, the Cardy formula can be used with the Frolov-Thorne temperature and these
central charges to calculate the entropy. Therefore the central charges cL = cR = 12J
is naturally obtained in the original coordinates before taking the near horizon limit.
This paper is organized as follows. In Section 2, we introduce the five-dimensional
Myers-Perry black hole and its near horizon limit. Then, we review on the Kerr/CFT
correspondence for left mover. In Section 3, we show the calculation of the central charge
for right mover following the previous study [8]. We introduce a cut-off to evaluate the
central charge. In Section 4, we consider the special case in which the near horizon
geometry has the structure of AdS3. Then, we discuss the relation between this special
case and the general case described in Section 2 and 3. In Section 5, we introduce
a new definition of the near horizon limit. By using this definition, we calculate the
central charge for right mover without introducing the cut-off into the spacetime. In
Section 6, we apply the new definition of the near horizon limit to the Kerr black hole,
and calculate the central charge. Section 7 is devoted to the conclusion.
2 Kerr/CFT correspondence in 5D Myers-Perry black hole
In this section, we describe the five-dimensional Myers-Perry black hole and briefly
review on the Kerr/CFT correspondence for it. The metric is expressed by using the
Boyer-Lindquist coordinates as
ds2 = − ∆
r2ρ2
(
dt− a sin2 θ dφ− b cos2 θ dψ)2
+
sin2 θ
ρ2
[
(r2 + a2)dφ− a dt]2 + cos2 θ
ρ2
[
(r2 + b2)dψ − b dt]2
+
1
r2ρ2
[
b(r2 + a2) sin2 θ dφ+ a(r2 + b2) cos2 θ dψ − ab dt]2
+
r2ρ2
∆2
dr2 + ρ2dθ2 , (2.1)
where ∆ and ρ2 are given by
∆ = (r2 + a2)(r2 + b2)− µr2 , ρ2 = r2 + a2 cos2 θ + b2 sin2 θ . (2.2)
In five-dimensional spacetime, we have two independent angular momenta in φ- and
ψ-directions, respectively. Hence, this geometry has three parameters µ, a, b, which are
3
related to the ADM mass MADM and two angular momenta Jφ and Jψ:
MADM =
3πµ
8GN
, Jφ =
πµa
4GN
, Jψ =
πµb
4GN
, (2.3)
where GN is the Newton constant. The outer and inner horizons are located at the radii
r+ and r−, which are expressed as
r2± =
1
2
(
µ− a2 − b2 ±
√
(µ− (a+ b)2) (µ− (a− b)2)
)
, (2.4)
and the angular velocities on the (outer) horizon are
Ωφ =
a
r2+ + a
2
, Ωψ =
b
r2+ + b
2
. (2.5)
The Hawking temperature TH and the Bekenstein-Hawking entropy S are given by
TH =
r2+ − r2−
2πµr+
, S =
π2
2GN
µr+ , (2.6)
respectively.
Now, we consider the near horizon limit of this geometry [4]. We focus on the
near-extremal case in which the non-extremality is infinitesimally small. We define this
non-extremality parameter by
µ = µ0(1 + ǫ
2µˆ) , µ0 = (a+ b)
2 , (2.7)
where the extremal condition is given by µ = µ0 and µˆ parametrizes the non-extremality.
We introduce the near horizon coordinates as
t = ǫ−1
√
µ0
2
tˆ , r = r0 + ǫ
√
µ0
2
rˆ , (2.8a)
φ = φˆ+
a
r20 + a
2
t , ψ = ψˆ +
b
r20 + b
2
t , (2.8b)
where r0 is the horizon radius in the extremal case and given by
r20 = ab . (2.9)
Then, the near horizon limit is obtained as the ǫ → 0 limit. In this limit, the metric
becomes
ds2 = −ρ
2
0∆ˆ
4
dtˆ2 +
ρ20
4∆ˆ
drˆ2 + ρ20dθ
2
+
a2µ0 sin
2 θ
ρ20
(
dφˆ+ kφˆrˆdtˆ
)2
+
b2µ0 cos
2 θ
ρ20
(
dψˆ + kψˆ rˆdtˆ
)2
+
µ0r
2
0
ρ20
[
sin2 θ
(
dφˆ+ kφˆrˆdtˆ
)
+ cos2 θ
(
dψˆ + kψˆrˆdtˆ
)]2
, (2.10)
where
∆ˆ = (rˆ2 − µˆ) , ρ0 = r20 + a2 cos2 θ + b2 sin2 θ , (2.11)
kφˆ =
1
2
√
b
a
, kψˆ =
1
2
√
a
b
. (2.12)
A correspondence between this near horizon geometry and its dual CFT is studied
in [18]. It was shown that the asymptotic symmetry gives the Virasoro algebra for
left mover if we take an appropriate boundary condition. The asymptotic symmetry is
defined as a symmetry which preserves a boundary condition:
£ξ (gµν +O(χµν)) = O(χµν) , (2.13)
where χµν defines the boundary condition. If the geometry takes the following form:
ds2 = f0(θ)
(
−rˆ2dtˆ2 + drˆ
2
rˆ2
)
+ γij(θ)
(
dxi + kirdt
) (
dxj + kjrdt
)
+ fθ(θ)dθ
2 , (2.14)
where x1 = φˆ and x2 = ψˆ, we can obtain the following asymptotic symmetry groups
ξ(φˆ) = ǫφˆ(φˆ)∂φˆ − rˆǫ′φˆ(φˆ)∂rˆ , (2.15a)
ξ(ψˆ) = ǫψˆ(ψˆ)∂ψˆ − rˆǫ′ψˆ(ψˆ)∂rˆ , (2.15b)
by taking appropriate boundary conditions, respectively. These vectors form the Vira-
soro algebra as we will see below. We define ξ
(φˆ)
n and ξ
(ψˆ)
n by ξ(φˆ) and ξ(ψˆ) with
ǫφˆ(φˆ) = e
inφˆ , ǫψˆ(ψˆ) = e
inψˆ , (2.16)
respectively. Then these vectors obey
[ξ(φˆ)n , ξ
(φˆ)
m ] = −i(n−m)ξ(φˆ)n+m , [ξ(ψˆ)n , ξ(ψˆ)m ] = −i(n−m)ξ(ψˆ)n+m , (2.17)
respectively.
In order to calculate the central charge, we consider the conserved charge associated
with the Virasoro algebras. A definition of the conserved charge is given by [15, 16].
The conserved charge is expressed in terms of the background metric g¯µν and its small
perturbation hµν , and given by
Qξ[h] =
1
8πGN
∫
∂Σ
kξ[h, g¯] , (2.18)
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where Σ is a timeslice and the integration is taken over its boundary ∂Σ. The three-form
kξ is defined by
kξ[h, g¯] = k˜
µν
ξ [h, g¯]
(
d3x
)
µν
, (2.19)
where d3x is the Hodge dual of the two-form dxµ ∧ dxν , and the two-form k˜ξ[h, g¯] is
given by
k˜µνξ [h, g¯] =
1
2
[
ξµDνh− ξµDλhλν +
(
Dµhνλ
)
ξλ +
1
2
hDµξν
− hµλDλξν + 1
2
hµλ (Dνξλ +Dλξ
ν)− (µ↔ ν)
]
. (2.20)
The central charge c can be read off from the anomalous transformation of the charge:
1
8πGN
∫
∂Σ
kξn [£ξm g¯, g¯] = δn+m,0 n
3 c
12
. (2.21)
For the metric (2.14), and asymptotic symmetry groups (2.15), we obtain
cφˆ =
6πkφˆ
GN
∫
dθ
√
γ(θ)fθ(θ) , cψˆ =
6πkψˆ
GN
∫
dθ
√
γ(θ)fθ(θ) . (2.22)
By using the explicit form of the metric (2.10), we obtain
cφˆ =
3πbµ0
2GN
, cψˆ =
3πaµ0
2GN
. (2.23)
Since the Frolov-Thorne temperatures are given by
Tφˆ =
(a + b)(r+ + r−)
2π(r2+ + b
2)
→ r0
πb
, (2.24)
Tψˆ =
(a + b)(r+ + r−)
2π(r2+ + a
2)
→ r0
πa
, (2.25)
the Cardy formula reproduces the Bekenstein-Hawking entropy at the extremality:
S =
π2
3
cφˆTφˆ =
π2
3
cψˆTψˆ =
π2
2
µ0r0 . (2.26)
It should be noted that both CFTs corresponding to each asymptotic symmetry can
reproduce the entropy.
3 Near-extremal correction for 5D Myers-Perry black hole
In this section, we consider the Kerr/CFT correspondence for the right mover in
the five-dimensional Myers-Perry black hole. For the Kerr black hole, the asymptotic
6
symmetry for the right mover is obtained by introducing a different boundary condition
to that for the left mover [8]. For the five-dimensional Myers-Perry black hole, we can
obtain a similar asymptotic symmetry group with an analogous boundary condition.
For metrics which has the form of (2.14), we impose the following boundary condition:
O(χµν) =


tˆ rˆ φˆ ψˆ θ
tˆ O(r0) O(r−3) O(r−2) O(r−2) O(r−3)
rˆ O(r−4) O(r−3) O(r−3) O(r−4)
φˆ O(r−2) O(r−2) O(r−3)
ψˆ O(r−2) O(r−3)
θ O(r−3)


. (3.1)
Then, the asymptotic symmetry group
ξ =
(
ǫξ(tˆ) +
ǫ′′ξ (tˆ)
2rˆ2
)
∂tˆ +
(
− rˆǫ′ξ(tˆ) +
ǫ′′′ξ (tˆ)
2rˆ
)
∂rˆ
+
(
Cφˆ −
kφˆǫ
′′
ξ (tˆ)
rˆ
)
∂φˆ +
(
Cψˆ −
kψˆǫ
′′
ξ (tˆ)
rˆ
)
∂ψˆ +O(rˆ−3) , (3.2)
preserves the boundary condition for the metric
gµν +O(χµν)→ gµν +O(χµν) . (3.3)
For the asymptotic symmetry group (3.2) the central charge vanishes, and hence, we
have to introduce a cut-off. Here, we calculate the central charge by using the quasi-local
charge [13,14]. This charge is defined as an integration of the surface energy-momentum
tensor on the boundary. The surface energy-momentum tensor is given by the conjugate
momentum of the induced metric on the surface, and can be expressed in terms of the
extrinsic curvature as
T µν =
2√−γ π
µν =
1
8πGN
(Kµν − γµνK) , (3.4)
where γµν is the induced metric on the boundary and πµν is its conjugate momentum,
and Kµν is the extrinsic curvature. Here, we consider the metric with small perturbation
hµν , and take the difference of the surface energy-momentum tensor from that of the
background g¯µν :
3
τµν [h] = T µν
∣∣∣
g=g¯+h
− T µν
∣∣∣
g=g¯
. (3.5)
3 Instead of taking difference from the background, we can introduce a counter term such that the
charge Qξ becomes finite (see Appendix A).
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Then, the quasi-local charge is defined as
QQLξ =
∫
∂Σ
d2x
√
σ uµτµνξ
ν . (3.6)
where uµ is a timelike unit normal to a timeslice Σ and σ is an induced metric on
the timeslice at the boundary ∂Σ. This quasi-local charge corresponds to the energy-
momentum tensor for the right mover in CFT as,
QQLξ ∼ T¯ (z¯)ǫ¯(z¯) . (3.7)
The central extension can be read off from the anomalous transformation of this charge:
δξQ
QL
ζ =
∫
∂Σ
d2x
√
σ uµτµν [£ξg¯]ζ
ν . (3.8)
For two-dimensional CFT, the central extension of the Virasoro algebra can be read off
from the anomalous transformation of the energy-momentum tensor. In an analogous
fashion to this, we estimate the central extension from the anomalous transformation of
the ADM mass, which is δξQ
QL
ζ with ǫζ(t) = 1. For the metric (2.14) and the asymptotic
symmetry group (3.2), we obtain
δξQ
QL
∂
tˆ
=
1
8πGN
∫
dφ dψ dθ
kikjγij(θ)
√
γ(θ)fθ(θ)
2Λf0(θ)
ǫ′′′ξ (tˆ) , (3.9)
where we have introduced a cut-off by putting the boundary at rˆ = Λ. By using the
explicit form of the near horizon metric (2.10), it turns out that
δξQ
QL
∂
tˆ
=
πr0µ0
4GNΛ
ǫ′′′ξ (tˆ) . (3.10)
From the definition of the near horizon coordinate of rˆ, it must satisfy
rˆ ≪ 2r0√
µ0
ǫ−1 , (3.11)
in order for the expansion in ǫ to be valid. Therefore, we put the boundary of the near
horizon geometry at
Λ =
2r0√
µ0
ǫ−1 . (3.12)
The central charge is related to the anomalous transformation of the charge as
δξQ =
c(QL)
12
ǫ′′′ξ (tˆ) + (non-anomalous terms) . (3.13)
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Then, the central charge can be evaluated as
c(QL) =
3πµ
3/2
0
2GN
ǫ . (3.14)
The Frolov-Thorne temperature for right mover can be read off from the Boltzmann
factor with respect to the charge Q∂
tˆ
, and given by
T =
√
µˆ
2π
. (3.15)
Using the Cardy formula, we obtain
S =
π2
3
c(QL)T =
π2µ
3/2
0
√
µˆ
4GN
ǫ . (3.16)
Since the Bekenstein-Hawking entropy is expanded in the near-extremal case as
S =
π2
2GN
µr+ =
π2
2GN
µ0
(
r0 +
1
2
ǫ
√
µ0 µˆ+O(ǫ2)
)
, (3.17)
the expression (3.16) agrees with the leading non-extremal correction.
Even though the Bekenstein-Hawking entropy is correctly reproduced, the identifi-
cation of the cut-off (3.12) is just a rough estimation. In order to justify this choice
of the cut-off, we compare this result with the AdS3/CFT2 correspondence in the next
section.
4 Comparison with the AdS3/CFT2 correspondence
When one of the angular momenta vanishes, the near horizon geometry of the five-
dimensional Myers-Perry black hole has the structure of AdS3. If this momentum is
not exactly zero but infinitesimally small in the near-extremal case, this AdS3 part
becomes the BTZ black hole. In this case, we can simply apply the ordinary AdS/CFT
correspondence for the Myers-Perry black hole. In this section, we consider such a case
and compare it with the previous two results.
In the previous sections, we have considered the near-extremal case in which the non-
extremality is infinitesimally small. Here, we assume that one of the angular momenta
is also infinitesimally small and of the same order to the non-extremality. We define the
parameters µ˜ and b˜ by the following relations,
µ = a2 + b2 + 2aǫ2m˜ , b = ǫ2b˜ , (4.1)
9
and redefine the near horizon coordinates as
t = ǫ−1t˜ , r = ǫr˜ , (4.2)
φ = φ˜+
a
r20 + a
2
t , ψ = ǫ−1ψ˜ . (4.3)
By taking the near horizon limit ǫ→ 0, the metric becomes
ds2 = −cos
2 θ
a2
∆˜
r˜2
dt˜2 +
a2 cos2 θ r˜2
∆˜
dr˜2 + cos2 θ r˜2
(
dψ˜ − b
r˜2
dt˜
)2
+ a2
sin2 θ
cos2 θ
dφ˜2 + a2 cos2 θ dθ, (4.4)
where ∆˜ is given by
∆˜ = r˜4 − 2am˜r˜2 + a2b˜2 = (r˜2 − r˜2+)(r˜2 − r˜2−) , (4.5)
and r˜± is the positions of the outer and inner horizons in terms of r˜, which is expressed
as
r˜2± = ǫ
−2r2± = a
(
m˜±
√
m˜2 − b˜2
)
. (4.6)
Then, this geometry has the structure of the BTZ black hole. Strictly speaking, ψ˜ has
an infinitesimal period 2πǫ.
The analysis of the asymptotic symmetry can be applied to this geometry straight-
forwardly. For simplicity, we introduce the light-corn coordinates
x± = ψ˜ ± t˜
a
. (4.7)
By imposing the boundary condition:
O(χµν) =


x+ r˜ x− φ˜ θ
x+ O(r0) O(r−2) O(r0) O(r−2) O(r−3)
r˜ O(r−4) O(r−2) O(r−3) O(r−4)
x− O(r0) O(r−2) O(r−3)
φ˜ O(r−2) O(r−3)
θ O(r−3)


, (4.8)
which is the same as the original work by Brown and Henneaux [1] for AdS3 part, we
obtain the following asymptotic symmetry groups:
ξ(+) = ǫ+(x
+)∂+ − 1
2
r˜ǫ′+(x
+)∂r˜ − a
2
2r˜2
ǫ′′+(x
+)∂− , (4.9a)
ξ(−) = ǫ−(x
−)∂− − 1
2
r˜ǫ′−(x
−)∂r˜ − a
2
2r˜2
ǫ′′−(x
−)∂+ . (4.9b)
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The coordinate x+ and x− parametrize the almost same directions to tˆ and φˆ, and
hence, these asymptotic symmetry groups are almost equivalent to those studied in the
previous sections. In order to see this, we take the limit of b → 0 of the near horizon
geometry (2.10). Comparing the definition of the coordinates (tˆ, ψˆ) with (x+, x−) we
obtain the following relations:
x+ = tˆ+O(ǫ) , x− = ǫψˆ . (4.10)
Then, by taking ǫ→ 0 limit with these coordinates and b = ǫ2b˜, the near horizon metric
(2.10) becomes4
ds2 =
a2 cos2 θ
4
µˆ(dx+)2 +
√
a3b˜ rˆ dx+ dx− + ab˜ cos2 θ(dx−)2
+
a2 cos2 θ
4∆ˆ
drˆ2 + a2
sin2 θ
cos2 θ
dφˆ2 + a2 cos2 θ dθ2 . (4.11)
Since the parameters µˆ and m˜ are related as µˆ/2 = a(m˜ − b˜), this expression agrees
with (4.4) in the extremal limit of m˜→ b˜ if we identify5
r˜2 ∼ ab˜+
√
a3b˜ rˆ. (4.12)
Then, excluding the last terms in (4.9), which are asymptotically subleading contribu-
tions, we obtain
ξ(+) ∼ ǫ+(tˆ)∂tˆ − rˆǫ′+(tˆ)∂r +O(ǫ) , (4.13)
ξ(−) ∼ ǫ−1
(
ǫˆ−(ψˆ)∂ψˆ − rˆǫˆ′−(ψˆ)∂rˆ
)
+O(ǫ0) , (4.14)
where ǫˆ−(ψˆ) = ǫ−(ǫψˆ). Therefore, ξ
(+) and ξ(−) correspond to the asymptotic symmetry
groups for the right and left movers, respectively.
These two sets of vectors form the Virasoro algebras as in the ordinary AdS3 case,
but have slightly different structures. Since the coordinate ψ˜ has an infinitesimal period
of 2πǫ, light-cone coordinates x+ and x− must satisfy the following periodicities
x+ ∼ x+ + 2πnǫ , x− ∼ x− + 2πnǫ . (4.15)
Then, the functions ǫ+(x
+) and ǫ−(x
−) can be expanded with the following forms:
ǫ+(x
+) = einx
+/ǫ , ǫ−(x
−) = einx
−/ǫ , (4.16a)
4 Strictly speaking, here we take the near-extremal limit and the small b limit separately, and hence,
the parameter ǫ here and that in (2.7), (2.8) should be distinguished. The metric (4.11) agrees with
(4.4) only in the near-extremal case, because we first take the near-extremal limit for (4.11).
5 This relation is consistent with the definitions of rˆ and r˜, since the definition of rˆ can be rewritten
as r2 = r20 + ǫr0
√
µ0 rˆ in ǫ→ 0 limit.
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with arbitrary integers n. Now we define ξ
(+)
n and ξ
(−)
n by ξ(+) and ξ(−) with (4.16).
Then, these vectors form the following algebras:
[ξ(+)n , ξ
(+)
m ] = −i
n−m
ǫ
ξ
(+)
n+m , (4.17)
[ξ(−)n , ξ
(−)
m ] = −i
n−m
ǫ
ξ
(−)
n+m , (4.18)
respectively. Here we have an additional factor ǫ−1 which comes from the period of ψ˜.
Before calculating the central charge, we discuss the general property of the Virasoro
algebra with an additional factor. In general, the following vector forms the Virasoro
algebra:
ξ = f(x)∂x − rf ′(x)∂r . (4.19)
If the coordinate x has the period of 2πβ, the function f(x) must respect this periodicity.
We define ξn by ξ with
fn(x) = e
inx/β . (4.20)
Then, this vector forms the following algebra
[ξn, ξm] =
n−m
β
ξn+m . (4.21)
This is the Virasoro algebra but has an additional factor of 1/β. This factor appears
because the vector ξ is not dimensionless and hence the algebra depends on the choice
of the coordinate x. The factor β can be absorbed by taking the coordinate x to have
the period of 2π, or equivalently, redefining ξ → ξ′ = βξ.
The Noether charges Ln associated with these vector can have the central extension,
and obeys the following algebra:
[Ln,Lm] = −i(n−m)Ln+m − iδn+m,0n3 c
12
, (4.22)
where we have rescaled the vector such that the algebra takes the standard form. In the
original definition of the asymptotic symmetry groups, we have chosen the normalization
such that ξ0 gives a conjugate momentum of x, namely ξ0 = ∂x. Then, the algebra
becomes
[Ln, Lm] = −in −m
β
Ln+m − iδn+m,0n3 c
(cov)
12β3
. (4.23)
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Here, we have chosen the “covariant” definition of the central charge such that the
central extension is related to the anomalous transformation of the charge as
δQξ ∼ c
(QL)
12
f ′′′(x) , (4.24)
where Qξ ∼
∑
Lnfn(x). Therefore, the central charge we have derived in the previous
section is not c but c(cov). By using this covariant definition, the generators Ln, central
charge c(cov) and the Frolov-Thorne temperature T have the following scaling properties:
x→ λx , Ln → λ−1Ln ,
c(cov) → λc(cov) , T → λ−1T , (4.25)
where the Frolov-Thorne temperature T is the weight for the charge L0. These behav-
iors imply that we can also apply the Cardy formula in these definitions. These two
definitions, the standard scale-invariant and covariant one, are related with each other
by
Ln = βLn , c = c
(cov)
β
, T = βT , (4.26)
where T is the scale-invariant Frolov-Thorne temperature which is the weight for L0.
Obviously the Cardy formula takes the same form for both of these two definitions.
These two sets of definitions are exactly same when the period of the coordinate x is
2π.
Now, we evaluate the central charge. By using the definition of [15, 16], the central
extensions of the algebras for ξ(+) and ξ(−) are obtained as
1
8πGN
∫
k
ξ
(±)
n
[£
ξ
(±)
m
g¯, g¯] = −iπ
8
δn+m,0a
3n
3
ǫ2
. (4.27)
Since the period of x+ and x− are 2πǫ, the scale-covariant central charges for ξ(+) and
ξ(−) are
c
(cov)
± = ǫ
3πa3
2GN
. (4.28)
The Frolov-Thorne temperatures associated with ∂+ and ∂− are given by
T± =
r˜+ ± r˜−
2πa
. (4.29)
Then, the Cardy formula reproduces the Bekenstein-Hawking entropy of (4.4):
SCFT =
π2
3
c
(cov)
+ T+ +
π2
3
c
(cov)
− T−
=
π2
2GN
a2r˜+ǫ = SBH . (4.30)
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The central charges (4.28) are actually equivalent to those derived in the previous sec-
tions. Since the coordinates are rescaled as
ψˆ → x− = ǫψˆ , (4.31)
the central charges before and after the rescaling are related with each other as
c
(cov)
− = ǫ cψˆ . (4.32)
From (2.23) and (4.28), it is clear that cψˆ and c
(cov)
− satisfy this relation in b→ 0 limit.
For the right mover, the coordinates tˆ and x+ are equivalent in ǫ → 0 limit. In fact,
the central charge c(QL) in (3.14) equals to c
(cov)
+ in b → 0 limit. This justifies the
identification of the cut-off (3.12).
Even though the asymptotic symmetry groups (2.15) and (3.2) agree with those in
AdS3 at the leading order of ǫ, there are higher order corrections. The near horizon
coordinate tˆ is the time coordinate in AdS3 and not exactly equivalent to the light-
cone coordinate x+. We can also introduce an asymptotic symmetry group of the time
direction for AdS3 by imposing a suitable boundary condition. However it is rather
natural to define a new near horizon limit to obtain asymptotic symmetry groups for
the general extremal Myers-Perry black holes. We will discuss it in the next section.
5 New near horizon limit of 5D Myers-Perry black hole
In this section, we consider another definition of the near horizon limit. We have
defined the near horizon coordinates by (2.8). However, the central charge of right mover
cannot be calculated by the covariant phase space method given by [15, 16], and hence
we used the quasi-local charge [13,14]. In the new coordinates, the asymptotic Virasoro
symmetries are realized along the light-cone coordinates (x+, x−) similarly to the AdS3
spacetime, while those in the usual coordinates are associated with (tˆ, ψˆ) directions. We
will show that the definition of [15,16] also gives the central charge and reproduces the
entropy via the Cardy formula.
We define the new coordinates x+ and x−, and redefine rˆ as follows:
x+ = ǫ
(
ψ +
a− b
µ
t
)
, x− = ψ − a + b
µ
t , rˆ = r0 + ǫ
a
2
rˆ . (5.1)
In the near-extremal case of (2.7), the near horizon geometry takes the same form as
(2.10), but the coordinates tˆ and ψˆ are replaced with x+ and x−. Namely, taking ǫ→ 0
14
limit, we obtain
ds2 = −ρ
2
0∆ˆ
4
(dx+)2 +
ρ20
4∆ˆ
drˆ2 + ρ20dθ
2
+
a2µ0 sin
2 θ
ρ20
(
dφˆ+ kφˆrˆdx
+
)2
+
b2µ0 cos
2 θ
ρ20
(
dx− + kψˆ rˆdx
+
)2
+
µ0r
2
0
ρ20
[
sin2 θ
(
dφˆ+ kφˆrˆdx
+
)
+ cos2 θ
(
dx− + kψˆrˆdx
+
)]2
, (5.2)
where we have also redefined ∆ˆ by
∆ˆ = rˆ2 − µ0
a2
µˆ. (5.3)
Then, we can obtain the asymptotic symmetry group in the same fashion as the previous
section (but the coordinate tˆ and ψˆ are replaced with x+ and x−). By using the same
boundary condition as (3.1), we obtain the asymptotic symmetry groups,
ξ =
(
ǫ+(x
+) +
ǫ′′ξ(x
+)
2rˆ2
)
∂+ +
(
− rˆǫ′ξ(x+) +
ǫ′′′ξ (x
+)
2rˆ
)
∂rˆ
+
(
Cφ −
kφˆǫ
′′
ξ (x
+)
rˆ
)
∂φˆ +
(
Cψˆ −
kψˆǫ
′′
ξ(x
+)
rˆ
)
∂− +O(rˆ−3) . (5.4)
Since ψ ∼ ψ + 2π, the coordinates x+ and x− have the periodicity of
x+ ∼ x+ + 2πnǫ , x− ∼ x− + 2πn . (5.5)
Then, the function ǫξ(x
+) must have the following form:
ǫξ(x
+) = einx
+/ǫ . (5.6)
We define ξn by ξ with (5.6). Then, ξn forms the following algebra:
[ξn, ξm] = −in−m
ǫ
ξn+m . (5.7)
Now let us consider the conserved charge defined by (2.18) in our new coordinates.
In the previous definition of the near horizon coordinates, tˆ is equivalent to the time
of the original coordinates up to the scaling factor. Hence, the timeslice in the near
horizon geometry is also defined on tˆ = const. plane. However, in the new definition, the
coordinate x+ is not equivalent to the original time. We should perform the integration
on the original timeslice, hence the timeslice Σ (and its boundary ∂Σ) is not x+ = const.
plane.
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For the asymptotic symmetry groups (5.4), we obtain
k˜+rζ [£ξg¯, g¯] = 0 , k˜
−r
ζ [£ξg¯, g¯] = −
kψˆ
f0(θ)
ǫζ(x
+)ǫ′′′ξ (x
+) , (5.8)
where f0(θ), kψ, etc. are the same as those in the previous section. Since the central
extension becomes
1
8πGN
∫
∂Σ
kξm [£ξn g¯, g¯] =
πkψˆ
2GNǫ2
∫
dθ
√
γ(θ)fθ(θ) , (5.9)
the scale-covariant central charge is evaluated as
c
(cov)
+ =
6πkψˆǫ
GN
∫
dθ
√
γ(θ)fθ(θ) . (5.10)
Using the explicit form of the metric (5.2), we obtain
c
(cov)
+ =
3πaµ0
2GN
ǫ . (5.11)
The central charge for left mover can be calculated straightforwardly. Since the addi-
tional term gives only the O(ǫ) corrections, the central charge for left mover equals to
(2.23). It should be noted that the scale-invariant central charge is given by c+ = c
(cov)
+ /ǫ,
and equals to the value for left mover c− = cψˆ.
The Frolov-Thorne temperatures associated with ∂+ and ∂− are given by
T+ = ǫ
−1 r+ − r−
2πa
→
√
µ0µˆ
2πa
, (5.12)
T− =
r+ + r−
2πa
→ b
π
. (5.13)
Then the Cardy formula reproduces the Bekenstein-Hawking entropy up to O(ǫ2):
S =
π2
3
c
(cov)
+ T+ +
π2
3
c
(cov)
− T−
=
π2
2GN
µ0
(
r0 +
1
2
ǫ
√
µ0 µˆ+O(ǫ2)
)
. (5.14)
Before closing this section, we would like to comment on the definition of the new
near horizon coordinates. First, the definitions of x± is the same as those of the hidden
conformal symmetry [17] in the near-extremal limit. When one of the angular velocities
(b) is very small, these coordinates, x±, are equivalent to the light-cone coordinates x+
and x− defined in the previous section up to the factor of ǫ for x−. In this limit, the
central charges c
(cov)
± and the Frolov-Thorne temperatures agree with those in Section 4
when we take into account the factor of ǫ or use the scale-invariant definitions. Since
the coordinate x+ and tˆ are related as x+ = a
a+b
tˆ +O(ǫ), the central charge (3.14) can
be reproduced from c
(cov)
+ by using (4.25).
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6 Kerr/CFT revisited
In the previous section, we have defined the new near horizon limit of the five-
dimensional Myers-Perry black hole. By using this, the central charges for right mover
can be calculated by using the definition of [15, 16]. In this section, we consider such a
new near horizon limit for the four-dimensional Kerr black hole.
By using the Boyer-Lindquist coordinates, the Kerr geometry can be expressed as
ds2 = −∆
ρ2
(dt− a sin2 θ dφ)2 + sin
2 θ
ρ2
[
(r2 + a2)dφ− adt]2 + ρ2
∆
dr2 + ρ2dθ2 , (6.1)
where ∆ and ρ2 are given by
∆ = r2 − 2Mr + a2 , ρ2 = r2 + a2 cos2 θ . (6.2)
The Kerr geometry are characterized by two parameters M and a which are related to
the ADM mass and angular momentum as
MADM =
M
GN
, J =
aM
GN
. (6.3)
The inner and outer horizons are given by
r± = M ±
√
M2 − a2 , (6.4)
and the angular velocity at the outer horizon r+ is
ΩH =
a
r2+ + a
2
. (6.5)
The Hawking temperature and the Bekenstein-Hawking entropy are given by
TH =
r+ − r−
4πMr+
, S =
2πMr+
GN
. (6.6)
We consider the near-extremal case, and define a non-extremality parameter rˆH as
M = a(1 + ǫ2
rˆ2H
2
) . (6.7)
Then, the geometry is parametrized by a and rˆH . New near horizon coordinates x
± and
rˆ are defined by the following relations,
x+ = ǫφ , x− = φ− a t
2M2
, r = a(1 + ǫrˆ) . (6.8)
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Here, the combination of t and φ in the definition of x+ and x− are the same as those
appeared in analysis of the hidden conformal symmetry [10] (in the definition of w±).
The geometry is expressed in the near horizon limit of ǫ→ 0 as
ds2 = −(rˆ2 − rˆ2H)f0(θ)(dx+)2 + fφ(θ)(dx− + rˆdx+)2
+ f0(θ)
drˆ2
rˆ2 − rˆ2H
+ f0(θ)dθ
2 , (6.9)
where f0(θ) and fφ(θ) are given by
f0(θ) = a
2(1 + cos2 θ) , fφ(θ) =
4a2 sin2 θ
1 + cos2 θ
. (6.10)
This geometry has the same form to the ordinary so-called NHEK geometry, but t and
φ of the near horizon coordinates are replaced with x+ and x−, respectively.
The boundary condition for right mover is obtained in [8]. We use this boundary
condition by replacing tˆ and φˆ with x+ and x−:
O(χµν) =


x+ rˆ x− θ
x+ O(r0) O(r−3) O(r−2) O(r−3)
rˆ O(r−4) O(r−3) O(r−4)
x− O(r−2) O(r−3)
θ O(r−3)


. (6.11)
Then, the following asymptotic symmetry group satisfies this boundary condition:
ξ =
(
ǫξ(x
+) +
ǫ′′ξ (x
+)
2rˆ2
)
∂+ +
(
− rˆǫ′ξ(x+) +
ǫ′′′ξ (x
+)
2rˆ
)
∂rˆ
+
(
C − ǫ
′′
ξ (x
+)
rˆ
)
∂− +O(rˆ−3) . (6.12)
Since the period of φ is 2π, the coordinates x+ and x− have the following periodicity:
x+ ∼ x+ + 2πnǫ , x− ∼ x− + 2πn . (6.13)
The central extension is given by an integration of two-from kξ[£ξg¯, g¯] on a timeslice. As
we have discussed in the previous section, the charge should be defined by the integration
on the timeslice of the original coordinates. As in the case of the five-dimensional Myers-
Perry black hole, the near horizon geometry is usually taken such that the time direction
of the near horizon coordinates is equivalent to that of the original one, up to a constant
factor. In this case, only k˜trξ component contributes to the charge and the central charge
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becomes zero [8]. However, in the new near horizon coordinate (6.8), the coordinate
x+ is not the time direction of original coordinates. Then, k˜−rξ also contributes to the
central extension and we obtain
1
8πGN
∫
∂Σ
k−rξm [£ξn g¯, g¯] = δn+m,0 n
3a
2
ǫ2
. (6.14)
Then, the scale-covariant central charge is
c
(cov)
+ =
12a2
GN
ǫ . (6.15)
This result agrees with that obtained in [8]. It should be noted that this is the expected
value of cR ≡ c+ = 12J if we use the scale-invariant definition.
The Frolov-Thorne temperatures associated to ∂+ and ∂− are given by
T+ = ǫ
−1 r+ − r−
4πa
→ rˆH
2π
, (6.16)
T− =
r+ + r−
4πa
→ 1
2π
. (6.17)
Then the Cardy formula gives the entropy
S =
2πa2
GN
(a + ǫrˆH) , (6.18)
which agrees with the Bekenstein-Hawking entropy up to O(ǫ2),
S =
2πMr+
GN
=
2πa2
GN
(
a + ǫrˆH +O(ǫ2)
)
. (6.19)
7 Conclusion and discussions
In this paper, we introduced a new near horizon limit. In this limit, structure of
the near horizon geometry is the same as that introduced in [4], while the original
time direction is embedded in a different way. Then, conserved charges are slightly
modified since the timeslice is different in our limit and that in [4]. This limit is useful
to describe the right mover in the Kerr/CFT correspondence, and the central charge
can be calculated explicitly.
By using our new definition of the near horizon limit, the charge density depends on
the angular coordinates and hence we can define generators simply integrating on the
timeslice. The central charge can be calculated by using the definition of [15, 16], and
does not have ambiguities of the cut-off. It turns out that the Virasoro algebra does not
have the standard form and depends on the definition of the coordinate. By redefining
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the generators to have the standard algebraic relation, the central charge becomes finite
and satisfies the expected relation of cL = cR = 12J .
In our new near horizon coordinates, the combinations of coordinates are equivalent
to those in analyses of the hidden conformal symmetry. The presence of the hidden
conformal symmetry implies the decoupling of the right and left movers. In order to
apply the Cardy formula separately, the right and left movers should be decoupled.
Hence it is natural that the appropriate choice of the coordinates is equivalent to those
for the hidden conformal symmetry.
Even though the scale-invariant central charge is finite, it is natural to use the covari-
ant definition for the temperature. Then, the (covariant) central charge for right mover
takes an infinitesimally small value, and hence, the right mover gives subleading contri-
butions in the near-extremal limit.6 We took the near-extremal limit and considered its
leading corrections. However, we did not include all the next-to-leading contributions in
this limit. Hence, we cannot exclude the possibility that these contributions affect the
near-extremal corrections. In order to see this, we have to study subleading corrections,
or consider more general non-extremal cases.
We computed the central charges for each sector separately by giving each boundary
condition. Although we reproduce the Bekenstein-Hawking entropy by summing up
the entropy of each sector, it is desirable to find a boundary condition that admit two
Virasoro algebras as asymptotic symmetry groups. One example is given by [19], but
it cannot fix higher order corrections of the asymptotic symmetries for right mover
which contribute to the central charges. Investigation in this direction will give further
evidence for the Kerr/CFT correspondence.
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Appendix A: Counter terms for the quasi-local charge
In this appendix, we consider counter terms for the quasi-local charges. The quasi-
local charge is defined by (3.6), and we have defined the regularized surface energy-
momentum tensor τµν by (3.5). Instead of taking difference from the background in
(3.5), a counter term can be introduced to regularize the surface energy-momentum
tensor. In this case, any covariant counter terms cannot terminate all of divergent
terms in the surface energy-momentum tensor. Here, we take the counter term such
that QQLξ becomes finite. Then, the surface energy-momentum tensor is given by
τµν = T µν + λgµν , (A.1)
where gµν is the induced metric on the boundary and λ is a constant. Using this
definition of τµν , the quasi-local charge for (2.14) has the following divergent terms:
QQLξ = −
1
8πGN
∫
dφ dψ dθ
Λkikjγij(θ)
√
γ(θ)fθ(θ)
2f0(θ)
+
λ
8πGN
∫
dφ dψ dθΛ
√
f0(θ)γ(θ)fθ(θ) +O(Λ0) . (A.2)
The constant λ is chosen such that these two terms cancel each other. For the near
horizon geometry of Myers-Perry black hole (2.10), it turns out that
λ =
(a3/2 − b3/2)√a+ b
3(a− b) . (A.3)
By using this condition, the central extension becomes
δξQ
QL
∂
tˆ
=
λ
8πGN
∫
dφ dψ dθ
√
f0(θ)γ(θ)fθ(θ)
Λ
ǫ′′′ξ (tˆ)
=
1
8πGN
∫
dφ dψ dθ
kikjγij(θ)
√
γ(θ)fθ(θ)
2Λf0(θ)
ǫ′′′ξ (tˆ) , (A.4)
and then, we obtain the same result to (3.9). If we allow the coefficient λ to have θ-
dependence, we can make the charge density to be finite. In this case, the coefficient of
the counter term becomes
λ(θ) =
kikjγij(θ)
2
(
1
f0(θ)
)3/2
, (A.5)
where f0(θ), γij(θ) and ki just specify the θ-dependence but do not respond to the
variation with respect to the metric. In the limit of b → 0, this coefficient can be
expanded as
λ(θ)→ 1
a cos θ
. (A.6)
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This agrees with the counter term introduced in [14]. For small b, the near horizon
geometry has structure of AdS3, whose effective radius at each point of θ is given by
R = a cos θ . (A.7)
then, the coefficient of the counter term for this AdS3 is
λ =
1
R
=
1
a cos θ
, (A.8)
which is equals to (A.6).
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